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Abstract
Let K be a ﬁeld of characteristic zero, and let K(x1, . . . , xn) be a purely transcendental ﬁeld
extension of K of transcendence degree n1.
Lüroth’s Theorem. Let E be a subﬁeld of K(x1) that properly contains the ﬁeld K. Then E =K(e)
for a transcendental element e ∈ E.
A ﬁeld extension F/K is called a Lüroth ﬁeld extension if tr.degK(F)1 and every subﬁeld
K ⊂ E ⊆ F with tr.degK(E)= 1 is a rational function ﬁeld in one variable. In this paper, we prove
Theorem 1. If F is a Lüroth ﬁeld extension of ﬁeld K of characteristic zero that coincides with it’s
algebraic closure in F then so is a purely transcendental ﬁeld extension F(x1, . . . , xn), n1.
As a consequence of this result we have a description of integrally closed subalgebras of
K(x1, . . . , xn) of dimension 1.
Theorem 2. Suppose, in addition, that K is an algebraically closed ﬁeld. Let R be a K-subalgebra of
the ﬁeld K(x1, . . . , xn) that is integrally closed in K(x1, . . . , xn) and the transcendence degree of
its ﬁeld of fractionsQ(R) is 1 over K. Then there exists a transcendental element x ∈ R over K such
that K[x] ⊆ R ⊆ K(x)=Q(R).
© 2004 Elsevier B.V. All rights reserved.
MSC: 14H05; 13B22; 13H99
1. A generalization of Lüroth’s theorem
Introduction. Let K be an arbitrary ﬁeld. Lüroth [10] proved his theorem forK =C, the
next extension of Lüroth’s theorem is due to Steinitz [16].
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Theorem 1.1. (Gordan [5] char (K)=0, Igusa [6] in general). IfK ⊂ E ⊂ K(x1, . . . , xn),
tr.degK(E)= 1, then E =K(e) for some e.
A very simple and purely ﬁeld theoretical proof of this result is given by Samuel [13]. In
the case when K is ﬁnite a very nice proof was provided by Laubie and Schinzel (see [15,
pp. 15–16]).
Noether [12] for char (K)= 0, and Schinzel [15], in general, proved that if the ﬁeld E
from the above theorem contains a non-constant polynomial then the ﬁeld E has a generator
which is a polynomial.
It is worthwhile to point out the following corollary of Lüroth theorem (see [3, p. 115]):
A regular mapping from P1 to a curve C of genus 1 is constant.
From this moment on let K be a ﬁeld of characteristic zero. In this paper all ﬁelds are
extensions of the ﬁeld K, and so have characteristic zero.
Deﬁnition. LetF be a ﬁeld extension of the ﬁeldK.We say thatF is a Lüroth ﬁeld extension
of K if tr.degK(F )1 and each subﬁeld K ⊂ E ⊆ F with tr.degK(E) = 1 has the form
K(e) for a transcendental element e ∈ E.
It follows directly from the deﬁnition that if F/K is a Lüroth ﬁeld extension then every
ﬁeld extension E/K in F with tr.degK(E)1 is a Lüroth ﬁeld extension.
For a ﬁeld extension F/K , we denote by DerK(F ) the set of all K-derivations of the ﬁeld
F. For a K-derivation  ∈ DerK(F ), let F  := ker() = {a ∈ F | (a) = 0} be its ﬁeld of
constants. Obviously, F  is a subﬁeld of F which contains the ﬁeld K.
Lemma 1.2. Let E := F(x1, . . . , xn) be a purely transcendental ﬁeld extension of a ﬁeld
F of transcendence degree n over F, and let  be a derivation of the ﬁeld E with (F ) ⊆ F
and (x1)= · · · = (xn)= 0. Then E = F (x1, . . . , xn).
Proof. It sufﬁces to prove the lemma for n= 1 since then the general case follows imme-
diately by induction on n.
So, let n = 1 and E = F(x) with x = x1. Clearly, F (x) ⊆ E. Let a ∈ E be a
nonzero element. Let us assume ﬁrst that F is an algebraically closed ﬁeld. We can write
a as p/q where p = ∏si=1(x − i )ni and q = ∏tj=1(x − j )mj are co-prime poly-
nomials of F [x], 1, . . . , s and 1, . . . ,t are roots of the polynomials p and q with
multiplicities n1, . . . , ns andm1, . . . , mt , respectively, and , ∈ F ∗ := F\{0}. Changing
if necessary the order of the roots we may assume that 1, . . . , k,1, . . . ,l ∈ F  and
k+1, . . . , s ,l+1, . . . ,t /∈F . 0= (p/q)= ((p)q − p(q))/q2 iff (p)/p= (q)/q
iff
()

+
s∑
i=k+1
ni(i )
x − i =
()

+
t∑
j=l+1
mj(j )
x − j
,
iff ()/=()/, s− k= t − l, s =t , s−1=t−1, . . . , k+1=l+1 (up to reordering
of the roots l+1, . . . ,t ), ns=mt, ns−1=mt−1, . . . , nk+1=ml+1. Then (/)=0 which
implies that / ∈ F . The polynomials p and q are co-prime, hence k = s and l = t . So,
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all the roots of the polynomials p and q belong to the ﬁeld F . a = p/q = (/)∏si=1(x −
i )ni /
∏t
j=1(x − j )mj ∈ F (x). This proves the result when F is an algebraically closed
ﬁeld.
Suppose that the ﬁeld F is not necessarily algebraically closed. We denote by F its
algebraic closure. The ﬁeld F has characteristic zero, so the derivation  of the ﬁeld F can
be uniquely extended to a derivation of its algebraic closure F , and then to a derivation
of the ﬁeld F(x) by the rule (x) = 0. We have proved that a = p/q = (/)∏si=1(x −
i )ni /
∏t
j=1(x − j )mj ∈ F (x) and / ∈ F . The elements  and  are the leading
coefﬁcients of the polynomials p, q ∈ F [x]; hence / ∈ F ∩ F  = F . Then (/)a =∏s
i=1(x − i )ni /
∏t
j=1(x − j )mj ∈ F(x)∩F (x) which implies that both the numerator
and the denumerator of (/)a belong toF [x] (since they are co-primemonic polynomials)
when one repeats the argument as above, and so a ∈ F (x), as required. 
Lemma 1.3. Let F be a ﬁeld extension of the ﬁeld K of characteristic zero, and let K˜ be
the algebraic closure of the ﬁeld K in F. Then K˜ =⋂∈DerK(F) F .
Proof. We denote by I the intersection above. Let u ∈ K˜\K and let f (t) ∈ K[t] be
its minimal polynomial over K. Obviously, degt (f )> 0, and by the minimality of f (t),
(df/dt)(u) = 0. For each  ∈ DerK(F ), 0 = (0) = (f (u)) = (df/dt)(u)(u) implies
(u)= 0. This proves that the inclusion K˜ ⊆ I holds.
Suppose that an element x ∈ F does not belong to the ﬁeld K˜ . So, x is a transcendental
element over K. The K-derivation  := d/dx of the ﬁeld K(x) can be extended to a
derivation, say , of the ﬁeld F. Since (x)= 1, we have x /∈ I , and so K˜ = I . 
Let F be a ﬁeld, and a symbol∞ that satisﬁes the following rules. For a ∈ F we deﬁne
a ±∞=∞, a · ∞ =∞ if a = 0,
∞ ·∞=∞, 1
0
=∞ and 1∞ = 0.
The expressions∞±∞, 0 · ∞, 0/0, and∞/∞ are undeﬁned.
Deﬁnition. A place  of a ﬁeld E into a ﬁeld F is a map  : E → F ∪ {∞} satisfying the
usual rules for a ﬁeld homomorphism namely (a + b)= (a)+ (b), (ab)= (a)(b),
whenever the expressions on the right sides of these formulae are deﬁned, and such that
(1)= 1.
The elements of Ewhich are not mapped onto∞ are called ﬁnite under the place, and the
others are called inﬁnite. The set A of all ﬁnite elements of E under the place is a subring of
E which contains a unique maximal ideal m which consists of all elements of A which are
mapped onto 0 by the place. The ﬁeld onto which A is mapped is canonically isomorphic to
the residue ﬁeld A/m. The ring A is a valuation ring of E, that is, it satisﬁes the following
property: if a ∈ E and a /∈E then a−1 ∈ E. For more detail the reader is referred to the
book of Lang [9] or to the book of Samuel and Zariski [14].
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Theorem 1.4. Let F be a Lüroth ﬁeld extension of a ﬁeld K of characteristic zero. Suppose
that the ﬁeld K coincides with its algebraic closure in F. A purely transcendental ﬁeld exten-
sion F(x1, . . . , xn) of the ﬁeld F of transcendence degree n1 is a Lüroth ﬁeld extension
of K.
Proof. It sufﬁces to prove the theorem for n= 1 since then the general case follows easily
by induction on n.
So, let x = x1 and E be a subﬁeld K ⊆ E ⊆ F(x) with tr.degK(E) = 1. Each element
 ∈ F determines the place  : F(x) → F ∪ {∞}, f (x) → f (). Let A and m
be the valuation ring and its unique maximal ideal determined by the place . By the
Homomorphism Theorem, the residue ﬁeld A/m can be identiﬁed with a subﬁeld of F.
Let v : F(x) → Z, f → v(f ), be the discrete valuation of the ﬁeld F(x) determined
by the place . In more detail, each nonzero element f ∈ F(x) can be written as (x −
)nab−1 for some integer n and polynomials a, b ∈ F [x] such that  is not a root of
any of them. Then v(f ) := n, and v(0) := ∞. Obviously, v(fg) = v(f ) + v(g)
and v(f + g) min(v(f ), v(g)) for f, g ∈ F(x), A := {f ∈ F(x) | v(f )0} and
m := {f ∈ F(x) | v(f )> 0}.
Suppose that E ⊆ A then E ∩ m = 0, and so E is isomorphic with a subﬁeld of
A/m, and is a subﬁeld of F containingKwith tr.degK(E)=1. By the assumption F/K is
aLüroth ﬁeld extension,which implies thatE=K(e) for some transcendental element e ∈ E
over K.
Suppose that EA. Let ′ be the restriction of the place  to the ﬁeld E, and let
A′ := E ∩ A and m′ := E ∩ m. Let us prove ﬁrst that the residue ﬁeld A′/m′ is
an algebraic ﬁeld extension of its subﬁeld K. Choose a nonzero element a ∈ m′. By
the assumption, the ﬁeld K coincides with its algebraic closure in F, hence K coincides
with its algebraic closure in F(x), and so the element a is transcendental over K. Let b
be an arbitrary element of A′\m′. Since tr.degK(K(a)) = 1 = tr.degK(E) and K(a) ⊆
E, the ﬁeld E is algebraic over its subﬁeld K(a) generated by the element a. We can
ﬁnd polynomials 0(t), . . . , n(t) ∈ K[t], n1, such that gcd(0(t), . . . , n(t)) = 1 and
n(a)bn + n−1(a)bn−1 + · · · + 0(a) = 0 in A′. In the residue ﬁeld A′/m′this identity
gives the identity n(0)b
n+n−1(0)bn−1+· · ·+0(0)=0 where b := b+m′ = 0 and all
i (0) ∈ K . Obviously, i (0) = 0 for some i1 (since otherwise we would have 0(0)= 0
which contradicts to the fact that gcd(0, . . . , n) = 1). This implies that the element b is
algebraic over K, and so the ﬁeld A′/m
′
(⊆ A/m =F) is an algebraic ﬁeld extension of
K. By the assumption, the ﬁeld K coincides with its algebraic closure in the ﬁeld F, hence
A′/m
′
 =K .
The ﬁeld K has inﬁnitely many elements since its characteristic is zero. Given a nonzero
element u ∈ E. For each  ∈ K , either u ∈ A′ or u−1 ∈ A′ (A′ is the valuation ring). So,
one of the sets Su := { ∈ K |u ∈ A′} or Tu := { ∈ K |u−1 ∈ A′} contains inﬁnitely
many elements. Suppose ﬁrst that this set is Su. For each  ∈ Su, there exist = () ∈ K
and v ∈ A′ such that u−= (x−)v sinceA′/m′=K . An arbitrary K-derivation  of the
ﬁeld F is a K(x)-derivation of the ﬁeld F(x) with (x)= 0. Obviously, v((f ))v(f )
for all f ∈ F(x) (as follows from ((x − )nab−1) = (x − )n((a)b − a(b))b−2). So,
(A) ⊆ A and (m) ⊆ m for all . Applying  to the identity u −  = (x − )v we
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obtain (u)= (x−)(v)with (u), (x−), (v) ∈ A. This identity implies v((u))1
for inﬁnitely many  ∈ Su, hence (u)= 0.
Suppose now that the set Tu contains inﬁnitely many elements. Obviously, Tu = Su−1 ,
and by the previous case, (u−1)= 0, hence (u)= 0. So,
E ⊆
⋂
∈DerK(F)
F (x) =
⋂
∈DerK(F)
F (x) (Lemma 1.2)
=

 ⋂
∈DerK(F)
F 

 (x)=K(x) (Lemma 1.3, K = K˜).
By Lüroth’s Theorem, E =K(e) for some transcendental element e ∈ E over K. 
Corollary 1.5 (Gordan (1887) [5]). Apurely transcendental ﬁeld extensionK(x1, . . . , xn)
of the ﬁeld K of transcendence degree n1 is a Lüroth ﬁeld extension of K.
Remark. The same result is true in characteristic p> 0 which is due to Igusa [6].
Proof. For n= 1, this is Lüroth’s Theorem. For n2 the result follows from Theorem 1.4
by induction on n. 
A ﬁeld extension L/K with L = K is called a unirational if L is a subﬁeld of a rational
function ﬁeld K(x1, . . . , xn) for some n1. In particular, any unirational ﬁeld extension
L/K such that L = K and K =K is a Lüroth ﬁeld extension.
Question. Does there exist a ﬁnitely generated Lüroth ﬁeld extension which is not unira-
tional?
For n= 2 and when K is an algebraically closed ﬁeld Theorem 1.4 follows from
Theorem 1.6 (Castelnuovo–Zariski). Let K be an algebraically closed ﬁeld of character-
istic zero, and let K ⊆ F ⊆ K(x1, x2) be an intermediate ﬁeld such that F = K . Then F
is a purely transcendental ﬁeld extension of the ﬁeld K.
Note that the analogous result for n3 is not true. For n = 3 counterexamples were
given independently by Iskovskikh–Manin [7], Artin-Mumford [1], and Clemens-Grifﬁths
[2] (i.e. there exists a smooth projective connected unirational variety over the ﬁeld of
complex numbers which is not rational).
Corollary 1.7. Let K be a ﬁeld of characteristic zero and X= {xi}i∈I be an inﬁnite family
of indeterminates over K. The purely transcendental ﬁeld extension K(X) is a Lüroth ﬁeld
extension.
Proof. Let K ⊂ E ⊆ K(X) be a subﬁeld of transcendence degree 1 over K. Let y ∈ E
be a transcendental element over K. Then y ∈ F = K(xi1 , . . . , xin) for some elements
i1, . . . , in ∈ I . The fact that tr.degK(E) = 1 implies that E ⊆ F , hence E = K(c) is a
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purely transcendental ﬁeld extension of K for some element e ∈ E, by Corollary 1.5. This
proves that K(X) is a Lüroth ﬁeld extension. 
Let Qn := K(x1, . . . , xn) be a purely transcendental ﬁeld extension of the ﬁeld K of
characteristic zero. A subset {y1, . . . , ym} ofQn is called a coordinate subsystem forQn if
Qn =K(y1, . . . , ym, ym+1, . . . , yn) for some elements ym+1, . . . , yn ofQn. The elements
y1, . . . , ym are algebraically independent over K.
Corollary 1.8. Let Qn := K(x1, . . . , xn) be a purely transcendental ﬁeld extension of
the ﬁeld K of characteristic zero, n2. Let F be a subﬁeld of Qn such that K ⊆ F and
1m := tr.degK(F )<n. If the ﬁeld F contains a coordinate subsystem, say y1, . . . , ym−1,
for the ﬁeldQn then F =K(y1, . . . , ym−1, ym) is purely transcendental ﬁeld extension for
some ym ∈ F .
Proof. Since the set y1, . . . , ym−1 is a coordinate subsystem for the ﬁeldQn, without loss of
generalitywemay assume that y1=x1, . . . , ym−1=xm−1. ThenQm−1 := K(y1, . . . , ym−1)
⊆ F ⊆ Qn = Qm−1(xm, . . . , xn) and tr.degQm−1(F ) = 1. Now the result follows from
Corollary 1.5. 
Let E be an algebraic ﬁeld extension of a ﬁeld F. Recall that for an element e ∈ E, a
unique monic irreducible polynomial f (t) ∈ K[t] such that f (e)= 0 is called the minimal
polynomial of e in F [t], or over F.
Lemma 1.9. Let F be a ﬁeld of characteristic zero and F be its algebraic closure. Let  be
a derivation of the ﬁeld F.
1. F  is an algebraic extension of the ﬁeld F .
2. For each element u ∈ F , the minimal polynomial of u in F [t] coincides with the
minimal polynomial of u in F [t].
Proof. Let u ∈ F , and let f (t)= tn + un−1tn−1 + · · · + u0 be a minimal polynomial of
u in F [t]. Then
0= (0)= (f (u))= (un−1)un−1 + · · · + (u0)
implies that (un−1) = · · · = (u0) = 0 (by the minimality of f (t)) hence f (t) ∈ F [t].
This proves that the minimal polynomial f (t) of u in F [t] coincides with the minimal
polynomial of u in F [t] and that F  is an algebraic extension of the ﬁeld F . 
2. Integrally closed subalgebras of dimension 1 of Lüroth ﬁeld extensions
In this section, K is an algebraically closed ﬁeld of characteristic zero.
Theorem 2.1. Let F be a Lüroth ﬁeld extension of an algebraically closed ﬁeld K of char-
acteristic zero. Let R be a K-subalgebra of F integrally closed in F with ﬁeld of fractions
V. Bavula / Journal of Pure and Applied Algebra 199 (2005) 1–10 7
Q(R) of transcendence degree 1 over K. Then there exists a transcendental element x ∈ R
over K such that K[x] ⊆ R ⊆ K(x)=Q(R), and so R = S−1K[x] is a localization of the
polynomial algebra K[x] at a multiplicatively closed subset S = {x −  |  ∈ T } for some
subset T of K.
Remark. Since K is an algebraically closed ﬁeld it follows immediately that any K-
subalgebra R such that K[x] ⊆ R ⊆ K(x) has the type R = S−1K[x] described
above.
Proof. F is a Lüroth ﬁeld extension of K, the ﬁeld Q(R) has transcendence degree 1
over K, so Q(R) = K(x) for a transcendental element x ∈ Q(R) over K. The element
x ∈ Q(R) has the form x = s−1r for some elements s, r ∈ R. If s ∈ K then x ∈
Kr ⊆ R and K[x] ⊆ R ⊆ K(x) = Q(R). So, we may assume that s /∈K . Similarly, if
r ∈ K then x−1 = s ∈ R, so and K[x−1] ⊆ R ⊆ K(x−1) =Q(R). So, we may assume
that r /∈K .
The elements r, s ∈ K(x) can be written uniquely as ab−1 and cd−1, respectively, for
some monic polynomials a, b, c, d ∈ K[x] in x. The element dbsx = dbr = da belongs to
the polynomial algebra K[x], has degree 1 in x since 0 = dbs = bc ∈ K[x].
If degx(r) := degx(a)−degx(b)> 0 then degx(dbsx)=degx(db)+degx(r)> degx(db).
Considering the right-hand side of the identity dbsx = dbr as a ‘polynomial’ in x with
coefﬁcients from the algebra K〈r〉 ⊆ R we see that its ‘x-degree’ is less than the x-degree
of the left-hand side of the identity. So, the element x is integral over R, hence x ∈ R (as R
is integrally closed in F), and so K[x] ⊆ R ⊆ K(x)=Q(R).
If degx(r)0 then degx(b)> 0 since by the assumption r /∈K . Let  ∈ K be a root
of the polynomial b ∈ K[x], and let k1 be its multiplicity. Changing the variable x for
y by the rule x :=  + y−1 where y = (x − )−1 ∈ K(x) is a transcendental element,
one can easily verify that degy(r)= k1. The elements r and s of the ﬁeld K(x)=K(y)
can be written as r = a1b−11 and s = c1d−11 with a1, b1, c1, d1 ∈ K[y]. One can rewrite
the identity sx = r as s(y + 1) = ry. The element d1b1s(y + 1) = d1b1ry belongs to
K[y], has degree 1 in y since d1b1r ∈ K[y]. Considering the right-hand side of the
identity d1b1s(y + 1)= d1b1ry as a ‘polynomial’ in y with coefﬁcients from the algebra
K〈r〉 ⊆ R, we conclude that its ‘y-degree’ is less than the y-degree of the left-hand side
since degy(r) = k1. Thus y is integral over R, hence y ∈ R (as R is integrally closed in
F), and so K[x] ⊆ R ⊆ K(x)=Q(R). 
Corollary 2.2. LetQn=K(x1, . . . , xn) be a purely transcendental ﬁeld extension of tran-
scendence degree n1 over an algebraically closed ﬁeld K of characteristic zero, and let
R be a K-subalgebra ofQn integrally closed inQn with ﬁeld of fractionsQ(R) of transcen-
dence degree 1 over K. Then there exists a transcendental element x ∈ R over K such that
K[x] ⊆ R ⊆ K(x)=Q(R).
Proof. Note thatQn is a Lüroth ﬁeld extension of K (Corollary 1.5), and the result follows
from Theorem 2.1. 
Corollary 2.2 is a generalization of the following result of Zaks [17] and Eakin [4].
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Theorem 2.3. Let Pn = K[x1, . . . , xn] be a polynomial algebra over an algebraically
closed ﬁeld K of characteristic zero, and let R be an integrally closed K-subalgebra of Pn
with tr.degK(Q(R)) = 1 where Q(R) is the ﬁeld of fractions of R. Then R = K[x] for an
element x ∈ Pn.
Proof. The algebra R is integrally closed in Pn, and the polynomial algebra Pn is integrally
closed in its ﬁeld of fractions Qn. By transitivity of integrally closedness, R is integrally
closed in Qn. By Corollary 2.2, K[x] ⊆ R ⊆ K(x) for some element x ∈ Qn. Since
R ⊆ Pn we must have R =K[x]. 
We have a short proof of the following well-known result [8, p. 256].
Corollary 2.4. Any normal K-algebra A of the polynomial algebra K[x] is of the form
K[y].
Proof. We can assume that A = K . By Lüroth’s Theorem, the quotient ﬁeld of A is a
rational function ﬁeld K(y) where y ∈ K(x). Since A is normal and A ⊆ K[x], we must
have A=K[y], by Corollary 2.2. 
Let  be a K-derivation of a K-algebra A. The subalgebra A := ker() of A is integrally
closed inA. In more detail, let an element a ∈ A satisfy f (a)=an+n−1an−1+· · ·+0=0
for some polynomial f (t) ∈ A[t] of positive degree in twith coefﬁcients from the algebra
A.We can assume that the degree n is the least possible.Applying  to the identity 0=f (a)
we obtain 0=(f (a))=(df/dt)(a)(a). If (a) = 0 then (df/dt)(a)=0which contradicts
to the minimality of n. Thus (a)= 0, as required.
Corollary 2.5. Let  ∈ DerK(Pn) satisfy tr.degK(kerPn())=tr.degK(kerQn())=1.Then
kerPn()=K[a] and kerQn()=K(a) for some non-scalar polynomial a ∈ Pn.
Proof. The kernel kerPn() is an integrally closed subalgebra of the polynomial algebra
Pn, hence kerPn() is an integrally closed subalgebra of Qn (since Pn is integrally closed
in Qn). By Theorem 2.3, kerPn() = K[a] for a non-scalar polynomial a ∈ Pn (since
tr.degK(Q(kerPn()) = tr.degK(kerPn()) = 1). By Corollary 2.2, kerPn() = K(b) for
a non-scalar element b ∈ Qn (since tr.degK(kerQn()) = tr.degK(kerPn()) = 1). Since
K(a) ⊆ K(b) and the elements a and b are transcendental over K, K(b) is an algebraic
ﬁeld extension of K(a). This implies that the element cb ∈ Qn is an integral element over
K[a] for some nonzero element c ∈ K[a]. The algebra K[a] is integrally closed in Qn,
hence cb ∈ K[a], and so b ∈ K(a). This proves that K(b)=K(a). 
Corollary 2.6. Let  be a nonzero K-derivation of the ﬁeldQ2 =K(x1, x2). Then
1. Q2 =K(x) for some x ∈ Q2.
2. Let A be an integrally closed K-subalgebra of the ﬁeld Q2 such that (A) ⊆ A. If
A = K then K[x] ⊆ A ⊆ K(x) for some non-scalar element x ∈ Q2.
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Proof. 2. The ﬁeld K has characteristic zero, so the algebra F := A is integrally closed
in A. By the assumption, the algebra A is integrally closed in Q2, so F is integrally closed
in Q2. By the assumption, F = K , so t := tr.degK(Q(F))1 where Q(F) is the ﬁeld
of fractions for the algebra F. On the other hand, tr.degK(Q(F))< tr.degK(Q2)= 2 since
 = 0. Thus t = 1. By Theorem 2.1, there exists an element x ∈ Q2 satisfying K[x] ⊆
F ⊆ K(x)=Q(F), the ﬁeld of fractions of F.
1. Note thatQ2 is a subﬁeld ofQ2. IfQ

2=K then it is enough to take x=1. IfQ2 = K
then the result follows from the second statement when taking A=Q2. 
Corollary 2.6 is an extension of the following result of Nagata-Nowicki [11].
Theorem 2.7. Let  be a nonzero derivation of the polynomial algebra P2 = K[x1, x2].
Then P 2 =K[x] for some x ∈ P2.
Proof. The ﬁeld K has characteristic zero, so we denote by the same letter  a unique
extension of the derivation  of the polynomial algebra P2 to its ﬁeld of fractions Q2.
The algebra A = P2 is integrally closed in Q2, so the result follows from Corollary
2.6.(2) and the fact that nonzero scalars are the only invertible elements of the polynomial
algebra P2. 
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